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Abstract 

An algebra A is said to be directly finite if each left invertible element in the (con- 
ditional) unitization of A is right invertible. It has long been known that the complex 
group algebra of a discrete group is directly finite. We extend this result, using some 
Hilbert algebra techniques, and show that the reduced group C* -algebra of a unimod- 
ular group is directly finite. 

We then investigate the corresponding problem for algebras of p-pseudofunctions, 
where p ^ 2. We show that these algebras are directly finite if G is amenable and 
unimodular, or unimodular with the Kunze-Stein property In contrast, we show that 
L 1 (G) is not directly finite if G is the affine group of either the real or complex line. 

MSC 2010: 22D15, 43A15 (primary); 22D25, 46L05 (secondary) 

1 Introduction 

Motivation and overview 

Direct finiteness of an algebra has been defined in the abstract. Our original motivation 
for investigating the direct finiteness of group algebras comes from the following general 
question. Let G be a locally compact group, let 1 < p < oo, and let / G C C (G); then, by 
integrating / against the left regular representation of G on U(G), we obtain a bounded 
linear operator A p (/) : L p (G) — > V{G). How big is the approximate point spectrum o/A p (/)? 

If G is abelian, then by using Gelfand/ Fourier theory we find that the spectrum of 
A p (/) consists entirely of approximate eigenvalues; that is, the approximate point spec- 
trum is as big as possible. In the non-abelian context new tools are needed. It seems to be 
part of the folklore (see, for instance, the author's article [3]) that when G is discrete, the 
spectrum of Mif) consists entirely of approximate eigenvalues, for all G S coo(G). The 
key result needed for the proof is an old observation, apparently first noted by Kaplansky, 
that the group algebra of a discrete group is directly finite. (See [3, Remark 2.10] for some 
further remarks on the history of this observation, and later proofs.) 

Both Kaplansky's proof and the later one of Montgomery [15] yield more: they shows 
that the reduced group C*-algebra of a discrete group is directly finite. It is therefore 
natural to ask if the same is true for an arbitrary locally compact group. One of our 
main results is that the reduced group C*-algebra of any unimodular group is directly 
finite (Theorem 3.6 below). It seems likely that this result can be used to obtain results 
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analogous to those in the author's previous article [3]; we intend to treat this more fully 
in forthcoming work, and so will not discuss these implications here. 

It is natural to ask if the same is true for PF p (G), the algebra of p- pseud of unctions on G, 
when p ^ 2. We have not been able to obtain a proof or a counter-example for general 
unimodular groups, but by building on the C*-case we obtain partial results. Namely, 
PFp(G) is directly finite if G is unimodular and also has one of the following two prop- 
erties: amenability or the so-called "Kunze-Stein" property. Examples of the latter case 
are semisimple Lie groups with finite centre, and certain automorphism groups of trees. 
(We note that a group is both amenable and Kunze-Stein if and only if it is compact.) The 
cases where G is amenable and unimodular follow easily from an embedding result of 
Herz: since the result is key to our work, and since the reader who wishes to learn the 
proof from Herz's papers must face many technical details related to but not needed for 
the embedding theorem, we have included further details in an appendix. 

It turns out that we cannot drop the assumption of unimodularity. Somewhat to the 
author's surprise, there are solvable Lie groups for which L l (G), and hence PF p (G) for 
every p, are not directly finite. The precise examples are given below in Theorem 5.1. 
The proof combines a theorem of Leptin, which says that the inclusion L l {G) — > C*(G) 
is spectrum-preserving when G is either of the groups described above, with calculations 
of Diep and of Rosenberg that were used in classifying C*(G) for certain solvable Lie 
groups G. 

Remarks on the approach of the present paper 

Some of these results presented here were included in an old preprint of the author, 
"Group C* -algebras which are quasi-directly finite" , arXiv 1003. 1650. That preprint, which 
remains unpublished, is now superseded by the present article. 

We have attempted to make this paper accessible to those working in areas such as op- 
erator theory, Banach algebras, or non-abelian harmonic analysis, who like the author are 
not specialists in the theory of operator algebras. This has meant including material that 
will be well known to such specialists, either to provide extra background, or to provide 
references to sources where the reader can find actual proofs (as opposed to assertions 
or references to proofs). Our aim was not to shun citations when citation would suffice. 
Rather, we wished to avoid referring to sources where a reader might have to digest large 
amounts of unnecessary technical material before getting to the particular parts needed 
to follow the present paper. 

Moreover, in the interests of accessibility, we sometimes avoid giving the most general 
definitions and results; in particular, we adopt a relatively "low-tech" approach to the def- 
inition of PFp(G), rather than using the full machinery that would be needed for serious 
study of general convolution operators on LP(G). Likewise, when we need to appeal to 
the theory of Hilbert algebras, we shall avoid any discussion of left Hilbert algebras. 

Background on convolution operators and pseudofunctions 

We close this introductory section with a short account of what is needed to define and 
work with PF p (G). This material is included because in other sources, the initial prelimi- 
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naries are either summarized without explanation, or done at a more technical level than 
is needed for our purposes. It seems worthwhile to give the reader a less comprehensive 
and more simple-minded approach, which nevertheless suffices for the present paper. 

For additional details and further references, a recent source is the monograph [5], 
although the reader should note that some of the basic properties are stated without full 
proofs. The paper [10] is also invaluable reading for those who wish to study convolution 
operators on L P (G) in greater depth. 

Let us fix some notation and terminology. Let G be a locally compact group, equipped 
with a fixed left Haar measure ]i. We denote by C C (G) the space of continuous, com- 
pactly supported, complex-valued functions on G; this is an algebra when equipped with 
convolution as product. For each p G (1, oo), define \ p : C C (G) — > B{U{G)) by 

Mf)( h )=f* h feC c (G) r h£LP(G). 

The norm-closure of A p (C c (G)) inside B(L p (G)) is a closed subalgebra, which we de- 
note by PFp(G) and call the algebra of p-pseudofunctions on G. Note that PF2(G) is nothing 
but the reduced group C* -algebra of G. 

REMARK 1.1. Using standard results about integration on locally compact groups, one can 
show A p extends to an injective, continuous algebra homomorphism L X (G) — > PF p (G). 
However, we only need to mention this at one point (Remark 5.2), and it plays no signifi- 
cant role in our main arguments. 

2 Directly finite Banach algebras 

We start with some basic results that will be needed later, but which may also be of some 
independent interest. Throughout, we adopt the convention that a ring need not be com- 
mutative, nor contain a multiplicative identity. 

A ring R with identity is said to be directly finite if each left-invertible element of R 
is invertible. Motivated by examples from semigroup theory, Munn [16] generalized this 
definition to the setting of rings without identity. It is convenient to present this definition 
and some basic consequences by using the notions of left and right quasi-inverses. (In the 
Banach-algebraic setting, a convenient reference is e.g. [2, §4].) 

Definition 2.1. Let R be a ring. Given a, b e R, let a • b := a + b - ab. If a • b = 
then we say that fl is a left quasi-inverse for b and b is a right quasi-inverse for a. An element 
which has both a left and a right quasi-inverse is said to be quasi-invertible. 

The definition of • is cooked up to ensure that if R has an identity element 1, then 

l-««fe=(l-fl)(l-b). (1) 

and it is clear from this, or directly from the definition, that a»0 = a = 0»a for all a £ A. 
Moreover, the operation • is associative: one could check this by a direct calculation, but 
it is more instructive to adjoin a formal identity 1 and observe, using (1) repeatedly, that 

1 - (a • b) • c = (1 - a • b)(l - c) = (1 - a)(l - fc)(l - c) 

= (1 - a)(l - b • c) = 1 - a • (b • c) 
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REMARK 2.2. It is more intuitive to reason with left, right and two-sided invertible ele- 
ments than with their "quasi-" counterparts. On the other hand, the language of quasi- 
inverses streamlines the statements of some results, and in particular avoids clunky use 
of conditional unitizations. 

DEFINITION 2.3. A ring R is directly finite if any pair (a,b) G R x R satisfying a • b = 
also satisfies b • a = 0. 

REMARK 2.4. In [16], a ring with this property is said to be "quasidirectly finite". We have 
chosen to extend the terminology from the unital case to the non-unital one, rather than 
introduce slightly cumbersome extra terminology. 

The property of being directly finite is clearly inherited by arbitrary subrings (even 
if our larger ring has an identity, we do not require that subrings contain this identity). 
Consequently, if S is a directly finite ring and cp : R — > S is an injective homomorphism, R 
is directly finite; this holds even if R and S have identity elements and <P(1a) 7^ Is- 

At this point, since we will need to briefly discuss unitizations, we switch to algebras 
rather than rings. (This is solely to sidestep the annoyance that the ring-unitization of an 
algebra is not its algebra-unitization; one could formulate and prove the analogous results 
for ring-unitizations just as easily.) Recall that the forced unitization of a fc-algebra A is the 
vector space A © kl, where 1 is a formal identity element, equipped with multiplication 
in the natural way. We denote the forced unitization of A by Ah 

Lemma 2.5. 

(i) Let A be an algebra (with or without identity). Then A is directly finite (in the sense of 
Definition 2.3) if and only if each left-invertible element of A^ is invertible. 

(ii) Let Abe a ring with identity. Then A is directly finite (in the sense of Definition 2.3) if and 
only if each left-invertible element of A is invertible. 

The lemma follows easily from the identity (1); we omit the proof. 

In a unital Banach algebra, the group of invertible elements is open in the norm topol- 
ogy. There is an analogous result for quasi-inverses, see [2, Theorem 4.8]; we shall require 
a slightly more precise version. 

Lemma 2.6. Let Abe a Banach algebra and let c G A. Suppose there exists b G A with b • c — 0. 
Then, for each d G A that is sufficiently close to c, there exists a G A such that a • b • d = 0. 

Proof. Give the unitization A* its usual norm, so that || 1 1| = 1. We have (1 — b)(l — c) = 1 
in AK Let 5 = (1 + > 0; then, given any d G A such that \\d — c\\ < 5, define 

u := (l-fc)(l -d) G Ah 

Since 1 — u = (1 — b)(d — c) has norm < 1, u is invertible in the Banach algebra A$, 
and 

a:=l-u~ 1 = - J^(l-u) n 

n>l 

lies in A. By construction, 1 — u = b • d , so that a»b»c = 0as required. □ 
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The following proposition is the main technical result of this section. At one point 
later, we will need the extra generality afforded by left ideals, rather than two-sided ones. 

Proposition 2.7. Let A be a Banach algebra, and let J be a left ideal in A which is dense for the 
norm topology. Then J is directly finite if and only if A is. 

Proof. Clearly if A is directly finite then so is /. Conversely, suppose / is directly finite, 
and let b,c G A satisfy b • c = 0. By Lemma 2.6 and density of / in A, we can find d G / 
and a G A such that a • b • d = 0. 

Put b' = a • b; then since b' • d = 0, we have b' = b'd — d G /, as d G / and / is 
a left ideal. Since / is directly finite, d • V = 0, that is, d • a • b = 0. So i? has a left 
quasi-inverse in A, and as b • c = we conclude that c • = as required. □ 

3 Directly finite C*-algebras, via densely-defined traces 

We start by fixing some notation and terminology, which we take from [19, §5]. If A is 
a C*-algebra, A + will denote its cone of positive elements. A weight on A + is a function 
<p : A + -> [0,oo] that is R+-linear and additive. <p is faithful if <p(x) > for all* G A + \{0}; 
it is tracial if it satisfies (p(u*au) = t(u) for all a G A + and all unitary u G Ah 

Given a tracial weight T on A + , there exists a 2-sided *-ideal A T C A, and a linear 
tracial functional A T — > C which coincides with t on A T Pi A + ; by abuse of notation, we 
will denote this functional also by t. A t is called the ideal of definition of the trace t. 
Moreover, the set A\ := {x G A : r(xx*) < oo} has the same norm-closure in A as 
does A T . (See [19, Propositions 5.1.2 and 5.2.2] and their proofs for the details.) 

Proposition 3.1. Let B be a unital C* -algebra and r a faithful tracial weight on B + . Let A 
denote the norm-closure ofB T inside B. Then A is directly finite. 

When B is unital and B T = B, this result is known, and is used in [15] to prove that 
the complex group algebra of a (discrete) group is always directly finite. The author is 
unaware of a reference which explicitly states Proposition 3.1 in the generality given here, 
so a full proof will be given below. The key observation is the following standard result 
about C* -algebras, which seems to be part of the folklore. 

Lemma 3.2. If -p is an idempotent in a C* -algebra, there exists a hermitian idempotent e in that 
algebra which satisfies ep = p and pe = e. 

The usual, somewhat post-hoc proof of the lemma is as follows: after adjoining an 
identity element to our algebra if necessary, we make the Ansatz 

e = pp*(l + (p-p*)(p*-p))-\ (t) 

which clearly satisfies e = pe. It remains to check that ep = p and that e is an idem- 
potent. Here is one way: take a faithful representation of our (unital) C* -algebra on a 

Hilbert space H, and regard p as a 2 x 2 operator matrix with respect to the de- 

composition H = ran(p) © ran(p)^. Computing the right-hand side of (t) with respect to 
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this block-matrix decomposition gives 




, which is the orthogonal projection of H 



onto ran(p). An alternative approach, taken in [11], is to exploit the theory of polynomial 
identities; we thank J. Meyer [14] for bringing this to our attention. 

Proof of Proposition 3.1. By Proposition 2.7, it suffices to show that B T is directly finite. Let 
a, b G B T be such that a • b = 0, and let p := b • a = ab — ba G B T . If we can show p = 
then we will be done. 

Observe that p is an idempotent, since 

2p — p 2 = p»p = b»a»b»a = b»0»a = p. 

By Lemma 3.2, there is a self-adjoint idempotent e G A such that pe = e and ep = p; in 
particular, e G B T , since B T is a (right) ideal in A. The tracial property of T then implies 

r{e*e) = r(e) = r(pe) = r(ep) = r(p) = r(ab) — r{ba) = 0. 

As t is faithful, this forces e = 0, and hence forces p = 0, as required. □ 

REMARK 3.3. When using Proposition 3.1 to prove that a given C*-algebra A is directly 
finite, it is sometimes easier or more convenient to create the tracial weight T on a larger 
containing algebra B, and then to show that B T n A is dense in A. 

A particular case of Proposition 3.1 arises when B is taken to be the left (or right) von 
Neumann algebra associated to a Hilbert algebra. Recall that a Hilbert algebra is an asso- 
ciative, complex *-algebra 21, equipped with an inner product (• | •) that satisfies certain 
compatibility conditions: see [7, ch. I§5, defn 1] or [18, Definition 11.7.1]. Completing 21 in 
the norm x i— y | x) 1 ' 2 yields a Hilbert space H, equipped with natural left and right ac- 
tions of 21, called the Hilbert space associated to 21. Given a G 21 we denote by U a : H — > H 
the unique operator satisfying U„{x) = ax for all x G 21; the map a i— > JJ fl is an injective 
*-homomorphism from 21 into B(H). The weak-operator closure of {U a : a G 21} is 
denoted by W (21), and called the left von Neumann algebra associated to 21. (A summary of 
these and related results can be found in [18, §11.7]; full details and proofs are given in [7, 
ch. I,§§5-6].) 

Theorem 3.4. Let $lbe a Hilbert algebra, and let 25 be the norm-closed subalgebra oftlifA) 
generated by the set {U a : a G 21}. Then 25 is directly finite. 

Proof. We use freely the concepts discussed in [7, ch. I, §§5-6], to which the reader is 
referred for unexplained terminology 

Let n be the set of all T G U (21) that are of the form T = U a for some a G Ji that is 
bounded relative to 21 [7, ch. I, §5, defns 2 and 3]. Then n is a 2-sided ideal in W(2l) [7, 
ch. I, §5, prop. 3], and {U a : a G 21} C n . Define cp : U{%) + ->■ [0, oo] by 

f(s) = /(«l«) ifs ,/2 = ".e". 

+oo otherwise. 

One can show <p is a faithful, tracial weight on U (21) (the so-called canonical trace associ- 
ated to 21). 
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Let m<p C U (21) denote the ideal of definition of <p. It suffices to show that vciq, n 03 is 
norm-dense in 03; therefore, since each element of 53 is a linear combination of (at most 
four) elements in its positive cone, it suffices to show that 03 + n is dense in 03 + . Given 
b G 03 + , we know b 1/2 G OS + , so there is a sequence (a(n)) n >i C 21 satisfying U. a t n \ —> b 1/2 
in norm, and hence satisfying U*^U a ^ — > b in norm. As II* = LZ( a «) G n for all a G 21, 
lT fl * fl = LT*LZ,, G 03+ fl tr^ for all a G 21, so we have an approximating sequence of the 
desired form. □ 

REMARK 3.5. It is important in Theorem 3.4 that we take the norm-closure of the Hilbert 
algebra 21, and not its strong operator closure. For instance, take 21 to be the algebra of 
finite rank operators on £ 2 , with (S | T) defined to be the trace of TS. Then fj can be 
identified with £ 2 , and OS is the algebra )C(£ 2 ) of compact operators, which is directly 
finite (this follows of course from our theorem, but more generally JC(X) is directly finite 
for any Banach space X, as observed in [3, §3]). On the other hand, 21 is dense in B(£ 2 ) for 
the strong operator topology, and B{£ 2 ) is clearly not directly finite. 

We now apply Theorem 3.4 to certain group C*-algebras. 
Theorem 3.6. IfG is unimodular, then C*(G) is directly finite. 

Proof. Let 21 denote the space C C (G) of continuous, compactly supported functions on G. 
We equip 21 with its usual involution f*(x) := f(x~ l ) (f G 21, x G G) and the inner 
product (/ | g) = J G f(x)g(x) dji(g) (f,g G 21). It is straightforward to check that 21 is a 
Hilbert algebra, see [7, chapitre 1, §5, exercice 5] and the ensuing hints, or [8, §13.10], or 
[18, Example 11.7.2]. (This relies crucially on G being unimodular.) The associated Hilbert 
space %(2l) is just L 2 (G); the associated (left) von Neumann algebra U (21) is VN(G), the 
usual group von Neumann algebra of G; and the norm-closure of 21 inside U (21) is C* (G). 
Applying Theorem 3.4, the result follows. □ 

It is natural to ask if the converse of Theorem 3.6 holds. The following examples show 
it does not, although in some sense they constitute a 'cheat answer'. 

EXAMPLE 3.7 (A certain family of solvable Lie groups). Let p, q be strictly positive inte- 
gers, and let oc = (cc\, . . . , otp+q) where each ocj is a strictly positive real number. Denote by 
G(p, q, a) the semidirect product RP +< ? x R, where the action of R on RP +( ? is given by 

t h-> diag(e ait , . . . , eV, t ~H^ t e - W) 

In general, G(p,q,u) is not unimodular. However, it turns out that the isomorphism class 
of C* (G(p,q,a)) depends only on p and q and not on oc. (See [21, pp. 12-13] and [20, 
pp. 190-191].) Moreover, if we happen to choose a such that oc\ + • • • + oc p = oc p+ i + 
■ • • + oip+q, then G(p,q,oi) is unimodular; see [20, p. 190]. Therefore, by Theorem 3.6, 
C* (G(p, q, oc)) is directly finite. 

4 Some groups for which PF p (G) is directly finite 

Recall that the reduced group C*-algebra of G is the case p = 2 of the algebra PF p (G) 
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One would like to generalize Theorem 3.6 to cover PF p (G) for G unimodular and all 
p G or to find a unimodular example for which PF p (G) is not directly finite for 

some p 7^ 2. While we have been unable to do this, there are partial results we can obtain 
that apply to two different classes of groups. 

Remark 4.1. Let G be a unimodular, locally compact group. Let p and q be conjugate 
indices, strictly between 1 and 00. The operator B{U(G)) — > B(U{G)), T 1-4 T* , is 
a conjugate-linear anti-isomorphism, which maps PF p (G) onto PF (? (G). It follows that 
PFp/(G) is directly finite if and only if PF p (G) is. 

Remark 4.2. Suppose we have two algebra norms on a given algebra A, say ||-|| m and 
\\-\\mi such that ||a|| m < \\ci\\m for all a G A. If A m and Am denote the corresponding 
completions of A, then of course there is a continuous algebra homomorphism Am — > A m , 
but this homomorphism need not be injective (just think of the maximal and the reduced 
C*-algebra norms on C C (G).) Consequently, even if A m is directly finite, extra work may 
be needed to show that Am is. 

We start by considering the case where G is amenable. The following theorem is a 
weaker version of one due to Herz. 

Theorem 4.3 (Herz). Let G be a locally compact, amenable group. Regard A p as a homomor- 
phism from C C (G) to PFp(G). Then there is an injective homomorphism J : PF p (G) — > PF2(G) 
such that A2 = /Ap. 

Combining Theorem 4.3 with Theorem 3.6, the following is immediate. 

Corollary 4.4. Let G be an amenable, unimodular, locally compact group. Then PF p (G) is 
directly finite, for every 1 < p < 00. 

REMARK 4.5. Herz actually proved something rather stronger. Let CV p (G) denote the 
subalgebra of B(L P (G)) that consists of all operators which commute with right transla- 
tions. It is straightforward to check that CV p (G) contains the ultra weak closure of PF p (G), 
which is itself an algebra, usually denoted by PM p (G). It was shown in [9, 10] that when 
G is amenable, PM p (G) = CV p (G) and we have a unital embedding PM p (G) -» VN(G) 
that extends A 2 : C C (G) -> VN(G). 

Clearly, this embedding result implies Theorem 4.3: however, extracting a complete 
proof from these papers requires some work, and the task is made more arduous since 
both papers are dense and contain other highly technical results. Therefore, in Appendix A, 
we have included details on how to one can extract from [9, 10] the bare minimum needed 
to prove Theorem 4.3. 

DEFINITION 4.6. A locally compact group G is said to have the Kunze-Stein property, or to 
be a Kunze-Stein group, if for each 1 < p < 2 there exists a constant C p > 1 such that 

\\g*h\\2<C p \\g\\ p \\h\\ 2 for all g G L P (G) and all h G C C (G). (2) 

We mention two families of unimodular groups with the Kunze-Stein property. 

(i) Let G be a connected semisimple Lie group with finite centre, such as SL(n, R). 
Cowling [4] proved that G has the Kunze-Stein property. (The particular case n = 2 
was established by Kunze and Stein in [12].) 
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(ii) Let T be a homogeneous tree of order > 3, and equip Aut(T) with the topology 
of pointwise convergence; this makes it into a locally compact, totally disconnected 
group. Let G be a closed subgroup of Aut(T) which acts transitively on the bound- 
ary 9T. (For instance, when DC is a local field, the group SL(2, DC) is isomorphic as a 
topological group to one of this form.) Then G has the Kunze-Stein property [17]. 

It is also remarked in [4] that the only amenable groups with the Kunze-Stein prop- 
erty are the compact ones. In view of this, the following result is a somewhat surprising 
counterpart to Corollary 4.4. 

Theorem 4.7. Let G be unimodular and Kunze-Stein. Then PF p (G) is directly finite. 

The proof of Theorem 4.7 occupies the rest of this section. The main idea is to define 
a dense, one-sided ideal in PF p (G) which is also a subalgebra of PF2(G), and then use 
Theorem 3.6. Morally speaking, for 1 < p < 2 we wish to work with PF p (G) Pi U{G); 
however, as we have defined things, this intersection is meaningless since PF p (G) is a 
space of operators on W{G) and not a space of functions or measures on G. We could 
make this precise and meaningful if we viewed both p-pseudofunctions and V functions 
as distributions on G, or as suitable limits of finite measures on G. Instead, we prefer to 
take an indirect approach, which is less concise but requires less machinery. 

Define diag : C C (G) -> V{G) ©i PF p (G) to be the 'diagonal' embedding 

diag p (/) = (/,A p (/)) 

and define X p (G) to be the norm closure of diag p (C C (G)). Let til and Tip denote the 
coordinate projections U(G) ©i PF p (G) -> U(G) and U(G) ©i PF p (G) PF p (G). 

Lemma 4.8. The restrictions ofni and Tip to the subspace X p (G) are both infective. 

Proof. If (g, T) G X p (G) and h G C C (G), an easy continuity argument shows that g*h = 
T(h) G LP(G). Moreover, if S G B(U{G)) and S(h) = for all h G C C (G), then S = 0. 
The result follows. □ 

Lemma 4.9. 

(i) LetS G V¥ p (G)and {g,T) G X p (G). Then {S{g),ST) G X p (G). 

(ii) The bilinear map X p (G) x X p (G) — > X p (G), defined by 

{{f,S),{g,T))^{S{g),ST) 

is associative, and makes X p (G) a Banach algebra; moreover, Tip : X p (G) — > PF p (G) is an 
algebra homomorphism with dense range. 

Proof. For this proof, we denote the usual LP-norm on C C (G) by || • || p , anddenote the op- 
erator norm on B(LP(G)) by ||-|| P ^ p . 

Let (g n ) be a sequence in C C (G) with diag(g„) — » (g, T); that is, 

\\gn-g\\ P ^0 and ||Ap(g„)-T|| p _>p^0 



9 



Let (/„) be a sequence in C C (G) with ||A p (/„) — S|| p ^ p — > 0. Then/,, * g n S C C (G); and a 
standard "3e argument" shows that || /„ * g„ -4 S(g)|| p — > Oand ||A p (/ w *g M ) — ST|| p ^ p — >■ 
0. This proves part (i). 

For part (ii): associativity can be checked directly, as can the fact that the norm on 
X p (G) is submultiplicative. So X p (G) is a Banach algebra. Clearly Tip : X p (G) — > PF p (G) 
is a homomorphism; it has dense range, since 7i p diag^ = A p . □ 

Lemma 4.10. When G is Kunze-Stein, there exist injective, continuous linear maps zks : L p (G) - 
PM2(G) and A P/ 2 : X p (G) — > PF2(G) w/iic/z mafce the following diagram commute: 

U{G) 




Moreover, A p ,2 is an algebra homomorphism. 

Proof. Since G is Kunze-Stein, it follows from (2) that there exists a bounded linear map 
Zks : LP(G) — > PF2(G), which makes the outer triangle in Diagram (3) commute. If / G 
ker Zks then f *h = for each h G C C (G), so by basic measure theory / = as an element 
of LP(G). Thus Zks is injective. 

Put A P/ 2 := Zrs^l; clearly this is continuous and linear, and it is injective since Zks and 
n i are. By construction , it makes the right-hand inner triangle in (3) commute. Now 
the top inner triangle in (3) commutes, by the definitions of diag p and ni. Hence, by a 
straightforward diagram chase, we find that the remaining inner triangle commutes. 

Finally, since A P/ 2 diag p = A2 is a homomorphism and diag p has dense range, it follows 

by continuity that A P/ 2 is a homomorphism. □ 

Proof of Theorem 4.7. Let G be unimodular and Kunze-Stein. For p = 2, Theorem 4.7 is a 
special case of Theorem 3.6. So by Remark 4.1, it suffices to consider the case 1 < p < 2. 

By Lemma 4.10, A P/ 2 : X p (G) — > PF2(G) is an injective algebra homomorphism; thus 
X p (G) is directly finite, using Theorem 3.6. Consider 7Tp(X p (G)) C PF p (G); this is directly 
finite, since Tip is an injective algebra homomorphism. On the other hand, by Lemma 4.9, 
7Tp(X p (G)) is a dense left ideal in PF p (G). Therefore, by Proposition 2.7, we conclude that 
PF p (G) is directly finite. □ 

5 TWO GROUPS FOR WHICH L X (G) IS NOT DIRECTLY FINITE 

Let F be either R or C, equipped with its usual topology: write F x for F \ {0}, regarded 
as a multiplicative group. The affine group of F, denoted by Aff(F), is defined to be the 
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group 

{(J J):. e F»,» eF } 

equipped with the natural topology. 

The main result of this section is the following theorem. 

Theorem 5.1. Neither L 1 (Aff(R)) nor L 1 (Aff(C)) are directly finite. 

REMARK 5.2. As remarked briefly in the introduction, A p extends to a continuous, in- 
jective algebra homomorphism L 1 (G) — > PF p (G) (continuity and injectivity follow from 
some standard measure-theoretic arguments). It therefore follows from Theorem 5.1 that 
if G = Aff(R) or G = Aff(C), none of the algebras PF p (G) are directly finite. 

Our approach to proving Theorem 5.1 is somewhat indirect. We first consider the 
group C* -algebras of Aff (R) and Aff(C), since we can use results of Diep and Rosenberg 
to show these algebras are not directly finite. Then, using the fact that these groups are 
Hermitian (see below for the definition), we deduce that the L 1 -group algebras also fail 
to be directly finite. The ideas in this last step are taken from some work of Barnes [1], on 
spectra of convolution operators. 

We start with some general definitions. A * -algebra A is said to be symmetric if o~(x*x) C 
[0, oo ) for all x G A, and hermitian if o~{h) C R for all self-adjoint h E A. (The spectrum is 
taken relative to A or to A*, depending on whether A has an identity element.) The two 
notions coincide for Banach * -algebras (see [18, Theorem 11.4.1]). 

A locally compact group G is said to be hermitian if L l (G), equipped with the usual 
involution, is a hermitian Banach *-algebra. Further background on Hermitian groups 
can be found in [18, §12.6.22]; we only require the following examples, due to Leptin. 

Theorem 5.3 (Leptin). Aff (R) and Aff (C) are Hermitian. 

Proof. This follows from a slightly more general result [13, Satz 6]. □ 

Barnes observed that groups which are both hermitian and amenable have the follow- 
ing spectral permanence property. 

Proposition 5.4 (Barnes). Let G be a hermitian, amenable group, and let 6 : L X (G) — > B(H) 
be a faithful ^-representation on some Hilbert space. If h = h* G ^(G), then o~jii G \(h) = 

Proof. This is essentially contained in [1, Theorem 6]. □ 

Remark 5.5. Strictly speaking, the statement of [1, Theorem 6] only gives o~ L ii G \(h) = 
cr Cp(G) / ^2(^)- However, examination of the proof, together with the theorem of Hulanicki 
that is quoted in [1, p. 329], shows that A2 can be replaced by any faithful * -representation 
of L 1 (G) on Hilbert space. The key point is that since G is amenable, the reduced and full 
group C*-algebras coincide. 
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Calculations of Diep and of Rosenberg We first treat the case G = Aff(R), for 
which our main source is Chapter 3 of the monograph [6]. The results originally date 
from Diep's thesis, and are summarized without full proofs in [22]. 

The irreducible, continuous, unitary representations of Aff (R) were first worked out 
by Gelfand and Naimark. We focus on one in particular: let Us be the Hilbert space 
L 2 (R X , dx), and define a strongly continuous unitary representation S : Aff(R) — > 
B{H s )by 

(S g f) (x) = e ibx f(ax) for f e Us and g = 

The representation S is quasi-equivalent to the left regular representation, and so in par- 
ticular the induced *-homomorphism C*(Aff(R)) — > B{Us) is injective. (See [6, proof of 
Lemma 3.3].) 

The following result is proved in work of Diep, but may have been known earlier. 

Theorem 5.6 (Diep). There exists f <E L 1 (Aff(R)), such that I — S(f) : U s -> Us is injective 
with closed range of codimension one. 

Proof. Define h <E L 1 (Aff(R)) by 

"((o i)) = *^ exp( - 62/2) ' <4) 

By [6, Lemmas 3.6 and 3.7], I — S(h) is invertible modulo the compacts, i.e. it is a Fredholm 
operator on L 2 (Hs)- m particular, it has closed range. Furthermore, by [6, Lemmas 3.9 
and 3.10], I — S(h) has 1-dimensional kernel and is surjective. We therefore take / = h* £ 
L x (Aff(R)); by the previous observations, I — S(f) = (I — S(h))* is injective with closed 
range, and has one-dimensional cokernel. □ 

REMARK 5.7. We have only taken from Diep's work what is needed for the present ar- 
ticle. For a fuller discussion of how C*(Aff(R)) arises as an extension of an abelian C*- 
algebra by K,(Hs)> and the role played by the Fredholm operator I — S(h) in classifying 
C*(Aff(R)),see [6, §3]. 

In the case G = Aff(C), we have a result analogous to Theorem 5.6, obtained by 
Rosenberg [20] using a suitable adaptation of Diep's methods. Let Us be the Hilbert space 
L 2 (C X , |z| _1 dz), and define a strongly continuous unitary representation S : Aff(C) — > 
B{U s )by 

(S g f)(z) = e^f{az) for feU and^ = ^ ^. 

Theorem 5.8 (Rosenberg). There exists f <E L x (Aff(C)) such that I - S(f) : Us ->■ Us is 
injective with closed range of codimension one. 

We omit the example and proof, which can be found, modulo some small adjustments, 
in [20, Proposition 1]. 
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Proof of Theorem 5.1. We first treat the case of Aff(R). Applying Theorem 5.6, there exists 
a faithful unitary representation S : Aff(R) — » %$> and some / G L 1 (Aff(R)) / such that 
I — S(f) : %$ — > T-L$ is injective with closed range of codimension one. 

Since I — S(f) is not invertible in B(Hs ), f is not quasi-invertible in L 1 (Aff(IR)). On 
the other hand, note that 

i-s(f.f) = i- s(fy . s(f) = (i- s(/))*(i - s(/)), 

which is invertible in B(7is). Now, since Aff(R) is a Hermitian group, and S is faithful, 
by Proposition 5.4 we have 

^(AffORtfCf • /) = VBCHsMf* * /) • 

In particular, /* • / is quasi-invertible in L 1 (Aff(R)), with quasi-inverse ft, say. Then 
ft • /* G L 1 (Aff(R)) and ft •/*•/ = 1, showing that L 1 (Aff(R)) is not directly finite. 

The proof for Aff(C) is exactly similar, except that we use Theorem 5.8 instead of 
Theorem 5.6. □ 



6 Concluding thoughts 

Theorems 3.6 and 5.1 immediately suggest the natural question: 

Question 1. For which locally compact groups G is Cj!(G) directly finite? 

Even in the special case where G is assumed to be a solvable Lie group, Example 3.7 
suggests that a full characterization may be somewhat tricky to obtain. 

For unimodular groups, we woud like to know if PF ; , ( G) is always directly finite. Note 
that the partial results in Section 4 do not apply if G is both discrete and non-amenable, 
and so we may in particular pose the following: 

Question 2. Let F2 denote the free group on two generators. Does there exist p G (1,2) for 
which PF p (F2) is not directly finite? 

Since PF p (F2) contains as a dense subalgebra the directly finite algebra ^(F2), a posi- 
tive answer to Question 2 would give a "natural", negative solution to our final question. 

QUESTION 3. Is the completion of a directly finite normed algebra itself directly finite? 

We suspect not, but know of no counterexample. On the other hand, if Question 3 
has a positive answer, then PFp(G) is directly finite for every unimodular group and all 

V e (Loo). 
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A Ingredients in the proof of Theorem 4.3 

To fix notation and provide background, we quickly summarize the necessary definitions 
from [9]. Throughout, p G (1, oo) and q is the conjugate index to p. 

Fix a left Haar measure u on G. Define a contractive linear map 6 p : U{G) <g> L 9 (G) — > 
C (G) by 

W®g)(x) = (\ p {x)f,g)= I f(x- 1 y)g(y)dp(y) (J € L v (G),q € L q (G),x € G), 

and let Ap(G) C Co(G) be the coimage of 9 p (more explicitly, the image of 9 p equipped 
with the quotient norm induced from (L p (G) <g> L 1? (G)) / ker 9 p ). (It can be shown, al- 
though we do not need this, that the spaces A p (G) are subalgebras of Co(G), called the 
Figa-Talamanca-Herz algebras.) If we restrict 9 p to the dense subspace C C (G) ® C C (G), we 
obtain a linear map 9 : C C (G) ® C C (G) — > C C (G), whose image we denote by A C (G). Note 
that A C {G) is dense in A p (G), for every p. 

Integration on G defines a pairing C C (G) x Crj(G) — > C and hence we have natural 
maps C C (G) — > Co(G)* — > A p (G)*, the second map being restriction. We may thus regard 
9* as a map C C (G) -4 {U{G) §> U{G))* = B{U(G)), which can be described explicitly 
as follows: given/ G C C (G) and £ G L p (G), n G L q (G), we have 

(0;if)M = I f{t)9 p {Z,®n){t)du{t) 

J G 

Moreover, if £, r\ G C C (G) then it is easily shown by rearranging the integral that (6* {f)£, *]) — 
(A p (f)^,ri), and since both 9*(f) andA p (/) are bounded operators we have0* (/) = A p (/) 
by density. In particular, X p (f) G 9*(A p (G)) for all / G C C (G). 

Note that since 9* : A p (G)* — > B(U(G)) is the adjoint of a quotient map, it is an 
isometry with weak-star closed range. It follows that 9 p {A p {G))* 3 PF p (G), and so there 
is an isometry <p p : PF p (G) —> A p (G)*, such that 9*<p p is just the inclusion of PF p (G) into 
B(LP(G)). 

The key result needed from [9] is the following theorem, whose proof we omit. It 
should be emphasised that the theorem is independent of the results in [10]. 
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Theorem A.l ([9, Theorem 1]). Let Gbea locally compact group and let p G (1, oo). Then the 
map Ap(G) (§> A2(G) — > Cq(G) defined by multiplication of functions takes values in A p (G), 
and 

IIMIa p( g) < 11/11 A 2 (G) II^IIa p (G) ( 5 ) 
for all f G A p (G) and ft G A 2 (G). 

We also need a result that is stated and proved in [10, §9], where it is described as 
being folklore. 

Lemma A.2. Let G be amenable and let p G (1,°°)- Given any compact set K C G, and any 
e > 0, f/zere exz'sfs a compactly supported function f G A p (G) which is identically 1 on K and 
has Ap(G)-norm at most 1 + e. 

Proof of Theorem 4.3. Let h G A2(G) have compact support. Taking K — supp(/z) in 
Lemma A.2 and using (5), we get h G A p (G) and ||/i||a (G) — 0- + £ )IHIa 2 (g)' f° r a ^ 
e > 0. Since A C (G) is norm-dense in A2(G), this implies that A2(G) C A p (G) with non- 
increase of norms. Moreover, since i(A c {G)) = A C (G), and A C (G) is dense in A p (G), the 
inclusion i : A2(G) — > A p (G) has dense range. Hence i* : A p (G)* — > A2(G)* is injective, 
and has norm < 1. 

Now consider the following commutative diagram: 

Q(G) ^ PF p (G) ^ ► A p (G)* 




PF 2 (G) ► A 2 (G)* 

(p 2 

We have, for each / G C C (G), 

l|A2(/)|| = ||^A 2 (/)|| = ||^ p A p (/)||<||A p (/)||. 

Therefore, since A p (C c (G)) is norm-dense in PF p (G), there is a unique continuous linear 
map / : PF p (G) — > PF2(G) such that /A p = A2. By continuity, / is an algebra homomor- 
phism. Moreover, for each / G C C (G), 

<p 2 ]\ v (f)=<p 2 A 2 {f) = i*<p p A p {f) 

so by density and continuity, <f> 2 ] = z*^ p . Since i*<p v is injective, so is /, and the proof of 
Theorem 4.3 is complete. □ 
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